In this paper, an algorithm has been introduced to produce ternary 2m-point (for any integer m ≥ 1) approximating non-stationary subdivision schemes which can generate the linear spaces spanned by {1; cos(α.); sin(α.)}. The theory of asymptotic equivalence is being used to analyze the convergence and smoothness of the schemes. The proposed algorithm can be consider as the non-stationary counter part of the 2-point and 4-point existing ternary stationary approximating schemes, for different values of m. Moreover, the proposed algorithm has the ability to reproduce or regenerate the conic sections, trigonometric polynomials and trigonometric splines. 
Introduction
The importance of geometric modelling and computer aided geometric designing (CAGD) can not be denied, as it plays vital role in almost every field of life like computer applications, medical image rocessing, scientific visualization, reverse engineering, robotics etc. The subdivision technique is an important ingredient to sketch smooth curves or surfaces in geometric modelling and CAGD, defines a curve from initial control polygon or a surface from an initial control mesh by subdividing them according to some refining rules, recursively. In the following some * E-mail: younis.pu@gmail.com literature, related to non-stationary subdivision schemes, has been discussed. In 2007, Beccari et al. presented a non-stationary C 1 continuous interpolating 4-point uniform, tension controlled, scheme that reproduce conics [1] They also developed a 4-point ternary interpolating non-stationary subdivision scheme in the same year that can generate C 2 continuous limit curves showing considerable variation of shapes with a tension parameter [2] . Jena et al. [8] introduced a 4-point binary interpolatory non-stationary C 1 subdivision scheme which was the generalization of four point stationary subdivision scheme developed by Dyn et al. [11] . In 2009, Daniel and Shunmugaraj introduced a non-stationary 2-points approximating scheme that generates C 1 limiting curve and two 3-points schemes that generate C 2 and C 3 limiting curves using trigonometric B-spline basis function [17] . Lee and Yoon [19] introduced non-stationary subdivision schemes for surface interpolation based on exponential polynomials that can reproduce a large class of (complex) exponential polynomials. In recent past, Conti [4] and Romani produced the general form of affine combinations using either stationary or non-stationary coefficients combining both B-splines and their non-stationary counterparts.
The aim of this article, is to built an algorithm to produce ternary 2m-point (for any integer m ≥ 1) non-stationary approximating schemes with enhanced properties, because non-stationary schemes can construct the special classes of curves and surfaces. One of the important capabilities of non-stationary schemes is the reproduction or regeneration of trigonometric splines, trigonometric polynomials and conic sections. Where as the stationary subdivision schemes introduced using B-spline [14] , Lagrange interpoalnt [13] and J-spline [15] cannot reproduce or regenerate the conic sections like circles, ellipses etc. (see also fig. 1 ). So, the multipliers or mask (satisfy affine properties) of the proposed algorithm have been calculated using the Lagrange like trigonometric interpolant of (m -1)st order which can reproduce trigonometric splines, trigonometric polynomials and conic sections as well. Moreover, the schemes obtained by proposed algorithm have the ability to generate the elements of spaces spanned by {1; cos(α.); sin(α.)}. Hereinafter, the results show that the ternary schemes have the advantages over the binary schemes in the sense that they can produce higher or equal continuity with smaller support size and computationally are more efficient. Furthermore, the proposed algorithm can be considered as the non-stationary counterpart of the ternary 2-point (corner cutting) and 4-point stationary schemes developed by Siddiqi et al. [12] and Ko et al. [13] , respectively. The paper is organized as follows, in section 2 the basic notion and definitions of ternary non-stationary subdivision scheme are being considered. The proposed algorithm is presented in section 3 and some examples are considered to construct the masks of 2-point and 4-point scheme in same section. In section 4, some properties and advantages are being discussed. The conclusion is drawn in section 5.
Preliminaries
In subdivision scheme, the set of control points = { ∈ R| ∈ Z } (where = 1 in the curve case and = 2 in the surface case) of polygon at k level is mapped to a refined polygon to generate the new set of control points +1 = { +1 ∈ R| ∈ Z } at the ( + 1) level by applying the following repeated refinement rule
where the set of real coefficients { ( ) : ∈ Z ( ) = } is finite for every ∈ Z + and these real coefficients are named as masks. If the masks of the scheme are independent of , namely ( ) ≡ for all ≥ 0, then the scheme is called stationary {S }, otherwise it is called non-stationary {S ( ) }. The notation of convergence for ternary subdivision C schemes, similar to that given by Dyn and Levin in [5] for a binary scheme, are given below. The ternary convergent subdivision scheme, formally denoted by +1 = S ( ) , with the corresponding mask
The ternary non-stationary subdivision scheme {S ( ) } is said to be convergent if for every initial data 0 ∈ ∞ there exits a limit function ∈ C (R) such that
and is not identically zero for some initial data 0 .
Two ternary subdivision scheme {S ( ) } and {S ( ) } are said to be asymptotically equivalent if
where
Theorem The ternary non-stationary scheme {S ( ) } and stationary scheme {S } are said to be asymptotically equivalent, if they have inite masks of the same support. If stationary scheme {S } is C and
then non-stationary scheme {S ( ) } is also C .
Construction of approximating schemes
In this section, an algorithm has been developed to produce 2m-point (for any integer m ≥ 1) ternary nonstationary subdivision scheme using generalized form based on an affine combinations of Lagrange like trigonometric interpolant. For this, consider a space spanned by {1; sin(α ); cos(α )} for data set D = {( + 1 − +1− ), ..., ( −1 −1 ), ( ); ( +1; +1 ); ( +2; +2 ), ..., ( + ; + )} for some α such that 0 < α < π 2 . Consider the function in the following form
is a unique function in τ which interpolates the data set with having minimum amplitude among other interpolants from τ. Where the function L ( ) is called as a Lagrange like trigonometric nterpolant of the above data set. Moreover the function L (x) can be defined for = ; for all ∈ Z + . In the following, two applications are being considered to construct 2-point and 4-point ternary non-stationary schemes after setting = 1 and = 2, respectively in proposed algorithm. The 2-point scheme: The 2-point scheme can be obtained after setting = 1 in (6) for data set {( ; ); ( + 1; +1 )}. Thus, we have the linear Lagrange like trigonometric interpolant L ( ) for the nodes = ; = 0; 1 as fol-
and
Adjusting these values to the
} of the 2-point scheme to refine the control polygon. Then, we have
with the mask
It may be noted that the points ( ; +1 ). Moreover, the proposed scheme can be considered as the nonstationary counterpart of the stationary 2-point ternary scheme which was introduced by Siddiqi and Rehan [12] , as the weights of the mask of the proposed scheme bounded by the coefficient of the mask of the above scheme. The subdivision rule, of Siddiqi and Rehan [12] scheme, to refine the control polygon is defined as Proof. Following [5] , the theory of asymptotic equivalence can be used to investigate the convergence and smoothness of the above scheme. For this, some estimations of ( ) ; = 0; 1 and ( ) ; = 0; 1 can be considered in order to prove the convergence and smoothness of the 4 proposed scheme (8) using these three inequalities
The 4-point scheme:
The Lagrange like cubic trigonometric interpolant L ( ) can be obtained after setting = 2 in proposed algorithm (6) with the nodes = = −1 0 1 2. Thus, 4-point scheme for data set {( − 1 −1 ) ( ) ( + 1 +1 ) ( + 2 +2 )} can be defined after adjusting these values to the mask { ( ) } =−1 0 1 2 and { } =0 1 2 3 . Thus, 4-point ternary non-stationary approximating scheme to refine the control polygon is defined as
with the mask Figure 1 . The reproduction of unit circle after three subdivision steps, the continuous lines represent the limit curves: scheme [12] in (a), proposed scheme (8) in (b), scheme [13] in (c) and proposed scheme (11) in (d). The broken curves represent unit circle and dotted lines represent regular hexagon (initial control polygon). +1 3 +1 ) lie on the Lagrange like interpolant of the set of points (
) and the masks of above scheme are bounded by the masks given in (17) . The subdivision scheme defined by Ko et al. [13] , to refine the control polygon, is given below Figure 2 . The reproduction of the ellipse after three subdivision steps, the continuous lines represent the limit curves: scheme [12] in (a), proposed scheme (8) in (b), scheme [13] in (c) and proposed scheme (11) [12] , [13] , proposed (8) and (11) Theorem The 4-point ternary non-stationary scheme converges and has smoothness C 2 . Proof. Following [5] , the theory of asymptotic equivalence is used to investigate the convergence and smoothness of the scheme (17) . For proof see [10] .
Properties and advantages
In this section some properties and advantages of the proposed algorithm are being considered to show the usefulness.
Comparison with other schemes
The comparison of the proposed schemes has shown with the existing ternary approximating schemes introduced in [12] and [13] . In figure 1 , the regular hexagon is taken as initial control polygon (represented by dotted lines)to reproduce the unit circle and broken lines are the limit curves of unit circle. The limit curves of the schemes [12] and [13] are represented by continuous lines in figures 1a and 1c respectively. While the limit curves of proposed schemes (8) and (11) ), respectively, after three subdivision steps. The results show that the limit curves of the proposed scheme are very close to generate the unit circle and ellipse (see also figure 2) . The figure 4, shows the different behaviour of the schemes [12] , [13] , (8) and (11) . The result shows that the proposed schemes has the the ability to generate the unit circle when either three, four or six control points are used (see figures 4(g)-4(l)) as initial control pointsin black colour. Whereas the schemes [12] and [13] can not (see figures 4(a)-4(f)).
Reproduction property
In this section, it has been shown that the certain function cos(α.) and sin(α.) can be reproduced by trigonometric Lagrange interpolant of the proposed algorithm, which follows from the next proposition. Proposition Let 0 < π 2 and = + for = + 1 − + for some ∈ R and > 0 such that 3 α < 2π. Then we have L( + ) = L(α( + )) The proof of above proposition can be followed from [16] and we can also prove that the trigonometric Lagrange interpolant L(x) reproduces the function sin(αx). It can be concluded from above proposition that for a set of equidistant points 0 = ( 2π ), ( 2π ) for all ∈ Z , on a circle and α = 2π/ , the limit curves obtained by the proposed algorithm produced the original unit circle (see also Fig. 1). 
Non-stationary counterparts
It may be observed that the proposed 2m-point scheme gives more flexibility, after setting different values of m, to produce the following existing ternary schemes.
• The C 1 limiting curves can be obtained after taking m = 1 in proposed algorithm. The obtained 2-point scheme (8) can be considered as the non-stationary counterpart of the stationary scheme introduced by [12] .
• The 4-point non-stationary scheme (after setting m=2) in proposed algorithm can be considered as the non-stationary counterpart of the stationary 4-point scheme introduced by Ko et al. [13] 
Conclusion
An algorithm to produce 2m-point ternary approximating non-stationary subdivision scheme has been developed, for any integer ≥ 2. The construction of the ternary nonstationary scheme is associated with trigonometric polynomials, that reproduces the functions of linear spaces spanned by {1 (α) (α)} for 0 < α < π/2. The convergence of the scheme is analyzed using the theory of asymptotic equivalence. The comparison of the proposed scheme has depicted in different figures, which shows the proposed schemes gives better approximation and behaves more pleasantly and they also can generate the family of limiting curves whereas the existing ternary approximating schemes cannot generate the families. Moreover, the proposed schemes have the ability to generate conic sections, trigonometric polynomials and trigonometric splines. Furthermore, the proposed algorithm can be considered as the non-stationary counterpart of the schemes [12] and [13] .
